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a b s t r a c t

This article presents rotational splitting as a modification to the sampling process of the azimuthal

angle used in the variance-reduction technique of azimuthal particle redistribution, with the goal

to improve the efficiency of this variance-reduction technique for the Monte Carlo simulation of

radiation transport in clinical linear accelerators. Using a constant azimuthal angle, instead of a

random one, in the azimuthal particle redistribution technique, increases the efficiency of the

simulation of a clinical linear accelerator by about 30% and reduces the latent variance of a 10�10 cm2

phase space by about 40%.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

With the advent of multiple core processors and the avail-
ability of faster computers, it is now feasible to perform Monte
Carlo (MC) simulations of clinical linear accelerators (linacs) in a
matter of hours (Reynaert et al., 2007; Chetty et al., 2007). By
simulating a whole linac with a general-purpose MC radiation
transport program, it is possible to avoid hybrid MC codes that
employ analytical approximations and pre-calculated phase-
space files (PSF). In order to increase the efficiency of MC
simulations of linacs, Bush et al. (2007) devised a method based
on the well-known variance-reduction technique of particle
splitting. The application of their method, called azimuthal
particle redistribution, allows a reduction of the latent variance
of a phase space (Sempau et al., 2001) by more than a factor of 20,
for a field size of 10�10 cm2, compared to the application of
standard particle splitting. Azimuthal particle redistribution is
particularly useful for the simulation of small radiation fields
currently employed in radiation oncology with intensity-modu-
lated radiotherapy, stereotactic radiotherapy or for specific
treatments such as the irradiation of eye tumours (Brualla et al.,
2009a).

A variation of the original azimuthal particle redistribution
method is introduced in this article. The method presented, which
will be referred to as rotational splitting, increases even further
the efficiency of the azimuthal particle redistribution method.

2. The different particle splitting methods

Standard particle splitting is a variance-reduction technique in
which a particle that has a significant probability of contributing
to the final absorbed dose is replicated N times with each of its
replicas having a statistical weight equal to 1/N. Consequently, if
the original particle is absorbed somewhere in the geometry of
the linac before contributing to the final absorbed dose, its
information is not completely lost because the replicas can still
reach the final scoring zone.

Azimuthal particle splitting (Bush et al., 2007) is based on
the same principle of standard splitting but can only be
applied when the radiation beam and geometry are cylindrically
symmetric, which is the case of the upper part of most linacs
used in radiotherapy. In azimuthal particle splitting, each
replica is rotated about the central beam axis. The same
splitting number N is used for every split particle, independent
of the distance of the original particle from the beam axis.
The density of split particles varies inversely with the
distance to the central axis and their statistical weight is
kept constant. The azimuthal angle of each split particle is
a random variable j0 (0rj0o2p). Particle direction cosines,
u and v, are transformed in order to conserve the direction of
the original particle relative to the central beam axis, according to

u0

v0

� �
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cosðf0�fÞ �sin f0�f
� �

sinðf0�fÞ cosðf0�fÞ

 !
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v

� �
ð1Þ

where j is the azimuthal angle of the original particle.
In the implementation of azimuthal splitting presented here,

which will be referred to as rotational splitting, the azimuthal
angle between two neighboring split particles is constant
(Df¼ 2p=N), in contrast with the original azimuthal splitting
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technique of Bush et al. (2007), in which the azimuthal angle is a
uniform random variable. Using constant azimuthal angles allows
for a faster calculation of each shower and reduces statistical
noise. The increase in efficiency, when using a constant azimuthal
angle, is due to the smaller number of calculations required and
the lower statistical noise introduced in the simulation, since less
random numbers are required at every Monte Carlo step for
estimating the same quantity. In other words, a quantity with
zero variance, which is the constant azimuthal angle for the
rotational splitting technique, is used instead of a quantity with
finite variance, which is the random azimuthal angle used for the
case of azimuthal splitting.

3. Efficiency study of azimuthal and rotational splitting

The efficiency of azimuthal and rotational splitting is studied
by estimating with a MC algorithm the area enclosed by two
parallel and symmetric chords of a circumference and the
circumference itself, as shown in Fig. 1. The width of the area to
be calculated is 2d. This area can be calculated analytically with
the formula

A¼ r2½p�ðy�sinyÞ� ð2Þ

where r is the radius of the circumference and y¼ 2arccosðd=rÞ.
For simplicity, r has been set equal to 1.

For estimating the area A with a MC algorithm, random
numbers are sampled inside a circumference using polar
coordinates (R, j) according to the distributions

R¼
ffiffiffiffiffiffiffiffiffiffi
r2x1

p
f¼ 2px2

ð3Þ

where x1 and x2 are two uniformly distributed random numbers
and r¼1 the radius of the circumference. Sampled points (R, j) lie
inside the area A if

9Rsinf9od ð4Þ

It can be seen that this algorithm yields exactly A¼p for
d¼r¼1 and A¼0 for d¼0.

Sampling of points using this algorithm resembles particles
coming into a circular phase space of a linac where standard,
azimuthal or rotational splitting can be applied. This analytical
problem allows for the study of the intrinsic efficiency of the
different splitting techniques since no computation time is
employed in calculations other than the ones related to the
splitting algorithms. This is not the case in the simulation of a
linac in which most of the calculations are dedicated to the
physical interactions and the transport algorithms through the
geometry. A MC code that estimated the area shown in Fig. 1
using the algorithm described in Eqs. (3) and (4) was written. The
code estimated the area using the following three methods: (i) no
splitting, (ii) azimuthal splitting and (iii) rotational splitting. The
efficiency of each evaluated method has been determined by

e¼ A

sA

 !2
1

t
ð5Þ

where A is the MC estimated area, sA is the statistical uncertainty
associated with the area and t is the CPU time employed in the
calculation. All simulations presented here have been run for
sufficiently long times in order to stabilize the efficiency.

The dependence of the statistical uncertainty of the area (sA),
associated with each considered method, on the size of the area to
be MC integrated has been studied by varying d from 0 to 1 in
steps of 0.001 and using a constant splitting number of 15 in
methods (ii) and (iii). Fig. 2 shows this dependence, where each
value shown was obtained with 107 simulated histories. It can be
observed that the three methods have the correct limit behaviour,
that is limd-0;d-1sA ¼ 0. Use of either form of particle splitting
produces a reduction of the statistical uncertainty, with rotational
splitting producing a larger reduction than azimuthal splitting.
The reason for this larger reduction of statistical uncertainty
associated with rotational splitting is due to the fact that fewer
random numbers are sampled for the same MC step, because a
zero variance quantity, the constant azimuthal angle, is used.
Fig. 3 shows the dependence of the relative efficiency of
azimuthal and rotational splitting on d, with respect to the
simulation with no splitting (eazi/eno-sp and erot/eno-sp), using the
same simulations described for Fig. 2. The larger efficiency of
rotational with respect to azimuthal splitting arises from the

d

�/2

Fig. 1. The shaded region represents the area integrated with MC methods. The

area varies with d.
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Fig. 2. Statistical uncertainty of the three considered methods as a function of d.

Azimuthal and rotational splitting have used a splitting number of 15. Data are

plotted using histograms and no smoothing has been applied.
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smaller statistical uncertainty and the smaller number of
operations required by the rotational splitting technique.

The efficiency dependence of azimuthal and rotational split-
ting on the splitting number has been studied by varying the
splitting number from 1 (i.e. no splitting) to 500 and setting
d¼0.5. Fig. 4 shows the relative efficiency plots of azimuthal and
rotational splitting with varying splitting number. For a splitting
number equal to 1 both methods have the same relative efficiency
with respect to the no-splitting simulation. With increasing
splitting number the relative efficiency of rotational splitting
grows rapidly, reaching its maximum for a splitting number equal
to 11. For low splitting numbers there are fluctuations in the
relative efficiency between two contiguous splitting numbers due
to symmetry effects. These effects tend to disappear as the
splitting number becomes larger. As to be expected, these effects
do not appear in the relative efficiency plot of the azimuthal
splitting method, because the random azimuthal angle applied to

each split particle eliminates any azimuthal correlation between
them. Both methods tend to converge to the same efficiency as
the number of split particles increases because the effect of
randomly distributing particles becomes less important. The local
maxima in the rotational splitting curve (Fig. 4) around splitting
numbers 110 and 220 are associated with the particular problem
considered.

It can be seen in Figs. 3 and 4 that the efficiency of azimuthal
splitting is in most cases smaller than when using no-splitting at
all (i.e. relative efficiency is smaller than 1). This is a consequence
of the particular problem studied where the number of operations
involved for a no-splitting computation is, in many cases, smaller
than performing azimuthal splitting. This is not the case in the
simulation of a linac, where the transport of particles through the
target and beam flattening filter involves a large number of
interactions of radiation with matter and therefore less computa-
tion time is required for recycling particles than to simulate them
through these structural elements of the linac.

4. Simulation efficiency and latent variance in a linac

The efficiency of azimuthal and rotational splitting has been
tested by the MC simulation of a Varian Clinac 600C operating in
photon mode at 6 MV. The simulations have been performed with
the general-purpose radiation transport MC code PENELOPE
(Salvat et al., 2008). The geometry file of the linac, as well as
the input file, have been generated with the code AutolinaC for
automatic generation of PENELOPE simulations of linacs (Brualla
et al., 2009b). The validity of the geometry files produced and the
simulation parameters employed by AutolinaC have already been
tested against experimental data (Brualla et al., 2009b, 2009a;
Panettieri et al., 2009). Azimuthal and rotational splitting were
applied on a plane located at 24.2 cm from the source, that is, just
upstream of the jaws. From the source downstream to this plane
the linac exhibits cylindrical symmetry (with the exception of the
inclined mirror that due to its very thin profile can be neglected).
The splitting number N used with both sampling methods was 15.
Apart from the kinds of splitting considered, no other variance-
reduction technique was applied. In all linac simulations a PSF
was tallied at 65.4 cm from the primary source, that is, at the
downstream end of the linac head. The efficiency of each
simulation has been evaluated at this plane using the definition
of efficiency given in Eq. (5) in terms of the energy of the scored
particles.

Two field sizes have been considered, namely 10�10 cm2

being a standard field size and 1�1 cm2 being hundred times
smaller in area. For comparison, simulations in which no splitting
has been applied were also run. For the 10�10 cm2 field the
azimuthal and rotational splitting simulations were more efficient
than the simulation without splitting by 7.5% and 9.5%, respec-
tively. In the case of the 1�1 cm2 field, the efficiency gain
increased to 27% and 36% for the azimuthal and rotational
splitting techniques, respectively. In relative terms, rotational
splitting is about 30% more efficient than azimuthal splitting for
both field sizes.

The latent variance (Sempau et al., 2001) of the PSFs tallied at
the downstream end of the linac using a 10�10 cm2 field was
also studied. It was observed that a simulation run with azimuthal
splitting rendered a PSF with a latent variance 14 times smaller
than the one obtained using the standard splitting technique with
the same splitting number. This reduction in latent variance is
similar to the one found by Bush et al. (2007). A PSF tallied with a
simulation using rotational splitting yielded a latent variance 40%
smaller than the one obtained using azimuthal splitting. The
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Fig. 3. Relative efficiency of azimuthal and rotational splitting with respect to the
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simulations run with standard, azimuthal and rotational splitting
used the same splitting number of 15.

5. Conclusion

Using a constant, instead of a random, azimuthal angle for split
particles produces a higher efficiency of the azimuthal particle
redistribution method, when applying MC simulations of radia-
tion transport in clinical linear accelerators. The method pre-
sented here for rotational splitting increases the efficiency of
azimuthal splitting by about 30% and reduces the latent variance
of phase spaces, tallied using the azimuthal splitting technique, by
about 40%. Although the efficiency gains computed for the case of
the integration of a segment of a circle are larger than the ones
observed for the simulation of an entire linac, there is still a clear
improvement of the simulation efficiency of the latter, which
helps to perform MC simulations of the whole linac under clinical
conditions. It has been shown that the proposed sampling method
is particularly useful for simulating small radiation fields, which
are of growing interest in radiotherapy.
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